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disturbance decays more slowly than z—1/2. This is a conse-
quence of the ever increasing displacement thickness. Since
the boundary layer does not allow the flow to expand to its
original state, the expansion from the viscous layer is slower
than a centered expansion and cannot decrease the shock
strength as rapidly.

Results

These results may now be applied to that disturbance gen-
erated by a viscous boundary layer. The displacement
thickness in a compressible fluid is a function of several
parameters. Since we only wish to illustrate the theory, the
displacement thickness for an incompressible flow is used.

For an external flow with a Reynolds number of 10%/cm,
the displacement thickness corresponding to an incompressible
laminar boundary layer is

8% = 6 X 10~%g1/2 (x —cm)

Similarly, the displacement thickness for a turbulent
boundary layer is:

5% = 4 X 10~3(z)0®

The density perturbations behind a shock attenuated by
laminar and turbulent boundary layers in a Mach 4 flow are
illustrated in Fig. 2. A schematic diagram of the shock
waves is also presented. The laminar results are applicable
beyond the boundary-layer transition length because the
waves from the boundary layer require a finite time to reach
the shock. The origin of the waves striking the shock at z, is
indicated in Fig. 3.1 Transition to turbulence at a Reynolds
number of 10° would correspond to 2, = 1 em. Figure 3
indicates that this would be felt by the shock about 2 m
downstream. Thus, the laminar results in Fig. 2 are appro-
priate for z; < 2 m. Laminar results are valid beyond z, = 2
m when transition occurs at higher Reynolds numbers.

The analysis of the shock that is driven by the turbulent
boundary layer does not include the effect of the initial
“laminar” shock. Thus, it is valid only as 2, — « and it is
not an accurate description of the flow just downstream of the
point where the two shocks coalesce.

Coneclusions

Whitham’s “area rule’” has been applied to disturbances
generated by power law bodies in an otherwise uniform two-
dimensional flow. It has been shown that the shocks pro-
duced by such bodies decay more slowly than those from
bodies of finite extent.

The results have been applied to disturbances generated by
a viscous boundary layer. For the case cited previously, the
application of acoustics is valid for 2, > 1 em (Ap/p|s < 0.1)
and density disturbances of the order of a few percent are
shown to exist for several meters.
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Slipstream Formed by a Supersonic
Source in a Hypersonic Stream

AnTHONY M. AGNONE*
New York University, New York

ANY fluid flow phenomena exhibit somewhat similar
flowfield features. For example, the flow pattern pro-
duced by a high-pressure jet issuing into an oncoming stream
is somewhat similar to that of a retrofiring rocket nozzle
descending into a thin atmosphere at hypersonic speeds, or to
a high intensity explosion moving at great speeds in a fluid
ambient. Besides its inherent academic interest, some
general features of the aforementioned flows can be assessed
by considering a simplified flow model which approximates
these flows in a certain limit.

To this end we consider the flowfield produced by a super-
sonic source of radius r* which spews out fluid into an oncom-
ing hypersonic stream as shown in the lower half of Fig. 1.
In the hypersonic limit (M, ~ «, ¥ — 1) and when the
source strength becomes large, so that the ratio of the center-
line distance of the shock system from the center of the source
to the source radius is large (ro/r* > 1), the shock surfaces
and contact surface can be considered as a single surface.
This contact surface separates a uniform freestream from an
equally isentropic source flow. It is the purpose of this Note
to determine the shape of this limiting surface.

The shape of the slipstream is uniquely determined from the
requirement that the pressure be equal on both sides of the
slip-surface and from geometric constraints. The geometric
constraint arise from the fact that the slip-surface must lie
between the vertical and the normal to the radial vector as
shown in the upper half of Fig. 1.

Fig. 1 General features of the flowfield produced by a
supersonic source in a hypersonic stream.
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Fig. 2 Slipstream shapes.

The pressure on the freestream side of the contact surface
is given by a Newtonian pressure distribution corrected for
Busemann centrifugal pressure

P~ = Po [1 + YoM ? cos?e —

Vool Y. . d sing
—yi (fo yi smady) ay l 0]

A derivation of this equation is given in Ref. 1.

The pressure on the source side of the contact surface can
be found in an anologous fashion and can be shown to be equal
to

pr =1 {1 + vM? cos?(0 — o) +

1 U s sin2(6 — o) d sino
yi ( o VMY 2 coso dy dy @

in which the integral is taken to the edge of the inner shock
layer. In this equation the first term is the stream static
pressure; the second term is the component of the stream
dynamic pressure normal to the slipstream; and the third
term represents the centrifugal pressure which is proportional
to the product of the tangential momentum of the fluid in the
shock layer and the curvature of the slipstream. The vari-
ables p,V,p,M are functions of » according to the source solu-
tion. The symbol j = 0 represents a two-dimensional (cylin-
der) source and j = 1 represents a spherical source.

The flowfield properties of the source are functions of the
radial distance from the center of the source through the one-
dimensional flow equations.? For example, the local Mach
number at large distances from the center of the source is
given by

M =~ [(y + 1)/(y — 1)Jr0iap/r)G+na—n/2  (3)

The equations required for uniquely determining the slip-
stream shapes are

P-(0y;Ye, M) = p(0,6,y;7,M) #)
where
y = r sind (5a)
and from geometry
dr/d8 = r tan(d — o) (5b)

Here o and r are the two unknown functions of 8.
At the centerline (8 = 0, ¢ = 0) Eq. (4) gives

Pall + Yol = po(l + Mo (6)
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where the subscript 0 denotes centerline conditions. In terms
of the jet and freestream stagnation pressures and for large
My and M., this relation simplifies to

My = Mo(i;/pte)¥™2 when vo=1v;=7v (7)

The centerline distance to the shock is

(tﬂ)iﬂ ~ (E‘L) M. 2D (’Y - 1)”“1/2(7_1)
r* Pe) y+1

To assess the extent of the influence of the centrifugal pres-
sure terms on this shape a solution of the above equations is
obtained first by neglecting these terms and then by including
them.

Neglecting both free stream static pressure and the cen-
trifugal pressure terms, Eq. (4) reduces to

cos(@ — o) = f(r) cose 9)

where
_ (P=\" Mo
0= ()" 5 (10)

After substituting for p(r) and M (r) from the source solution,
taking the limit for large M., and M, and nondimensionalizing
r with respect to ro we find

f(F) = Fa+or an
Elimination of ¢ from Eq. (5b)
tang = f(F) escf — cotd (12)
and '
di/do = [F/f(F)] csef — F coth (13)

This equation is subject to the initial conditionat ¢ = 07 = 1.
For the spherical source f(7) = 7 (11a). The equation is a
Bernoulli type equation and its solution is

f = 6/sind - (14a)
or
y=120 (14b)

It is interesting to note that this solution is identical to the
incompressible case.®? The slope of the slipstream is then
given by :

tange = @ csc?d — cotd (15)

For the eylindrical source

@) = @Y (15a)
the differential equation is again of Bernoulli type if we let
L= (P (16)
The resulting solution is
7 = 2F%,45°)/sinf (17a)
or
y = 2F%(,45°) (17b)
Where
Flok) = f (1 — k2 sin’p) “V2de (183)
and ‘

¢ = sin~1{2 sin(8/2)/[1 + sin(8/2) + cos(8/2)1}¥* (18b)
The slope is given by
tang = 2V2F (¢,45°)/sin%28 — coté (19)
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To determine the change in the slipstream shape due to the
centrifugal terms, the pressure relation is rewritten, neglecting
the static pressure terms which are important only in the tail
region, as follows

do/d8 = sinif[R costo — cos(f — o)1/g(f) cos(d — o) (20a)
where
dg/df = sini@[R sin2¢ <+ sin2(f8 — 0)]/2 cos(§ — o) (20b)
and
R = rit? (20¢)
dy = [r coso/cos(f — o)]db (204d)

has been substituted. Here g(f) represents the growth of the
tangential momentum in the shock layers. The preceding
equation shows that the slipstream curvature is proportional
to the ratio of the difference in the normal component of the
dynamic pressure to the tangential momentum.

The geometric condition

dR/d6 = (7 -+ LR tan(8 — o) (20e)
together with the initial conditions at
6 =0, 0'=0:R=11 g=0 (20f)

form a system of three nonlinear ordinary differential equa-
tions for the three unknowns o,R,g.

For the two-dimensional source j = 0, the aforementioned
system admits a simple solution

.= §/2 @1)

This implies the curvature factor do/df is a constant. The
geometric condition gives

Ff = 1/cos%(8/2) (22)
and integration of the tangential momentum growth equation
yields

g(8) = 2 tan(6/2) sin(6/2) (23)

For the spherical source a series solution is obtained for 6
« 1 by noting that due to symmetry

R =1+ Ry'0%/2! + Ry'"60%/4! + ... (24)
and
o= 6’0 + oo/"'6%/3! + ... (25)

in which the primes denote differentiation with respect to
theta. Here oo’ is recognized to be the curvature of the slip-
stream at the centerline. Substituting these expansions into
the differential equation for g and integrating gives

9(6) = 07%2/(j + 2) — (0'Ry" — }00'* — % +
80y’ — 300")07%/2(j + 3) +
31 = 200" + 00 — j/8)6i%/(j + 4) + ... (26)

The differential equation for the curvature evaluated at 6 =
0 gives

o’ = (G + 2)(Ro" + 2)/2(2j + 5) @7

The geometric condition differentiated once and evaluated at
0 = 0 gives

Ry = (j+ 1A = o) (28)
From which
o' =G+2)/G+ 49 (29)
and
Ry =24+ 1)/G+ 4 (30)
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The series solution for 7 and ¢ become
F=14+[1/G+Dl6*+ ... (31)
o=0G+2/G+H0+ ... (32)

A numerical integration of this system was obtained with
the help of a CDC 6600 computer. Numerical accuracy of
0.019, was imposed at each integration step by using Runge-
Kutta integration with variable step size. The results of this
computation are shown graphically on Fig. 2 along with the
analytie solution and the series expansion.

The slipstream shapes differ significantly for theta greater
than approximately one radian by the inclusion or deletion of
the centrifugal terms. This departure is largely due to in-
creasing tangential momentum in the shock layers and not so
much to the curvature of the slipstream.

References

! Hayes, W. D. and Probstein, R. F., Hypersonic Flow Theory,
Academic Press, New York, 1959, p. 78.

2 Milne-Thomson, L. M., Theoretical Hydrodynamics, Mac-
millan, New York, 1955. )

3 Prandtl, L. and Tietjens, O. G., Fundamentals of Hydro- and
Aeromechanics, Dover, New York, 1957, p. 147.

Experimental Investigation of the Lee-
Side Flow from a Cone-Cylinder Model

Avrrep M. MorrisoN* AND CHARLEs W. INGRAMT
University of Notre Dame, Notre Dame, Ind.

Introduction

NE phase of the general problem of the interference be-
tween component parts of flight vehicles is the inter-
ference effects resulting from vortex shedding from a body of
revolution at high angles of attack. When the angle of attack
is small the boundary layer beings to thicken rapidly on the
lee side of the body near the base. As the angle of attack or
length fineness ratio is increased this phenomena progresses
until the boundary layer separates from the body and two
regions of concentrated vorticity are formed on the lee side.
At this point the influences of inertia and viscosity of the air
flowing around the body can no longer be neglected. The
formation of the vortices results in a pressure reduction which
increases the cross forces substantially more than potential
flow theory would lead one to believe. Wind-tunnel tests
have shown that these vortices have a large effect upon the
forces developed on wing and tail surfaces.! Certain methods
exist for estimating the forces developed on the wing and tail
surfaces provided the positions and strengths of the body
vortices are known.!~4 The purpose of this Note is fo present
an experimental method for determining the position of the
vortex core regions from subsonic wind-tunnel tests.

Experimental Procedure

The smoke flow visualization techniques of Brown® were
used in this investigation. In order to obtain proper visualiza-
tion of the flow, a converging slit-camera technique was
employed. A schematic representation of this process is
presented in Fig. 1. The technique employed two wind-
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